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Waverider Design for Generalized Shock Geometries
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A new method for the design of inviscid waverider configurations with mere general shock geometries than
previously possible is presented. An arbitrary three-dimensional shock shape is specified as input, and a new
inverse method, utilizing a cross-stream marching scheme for solving the Euler equations, is used to generate
the postshock flowfield. Unlike most previous studies, this approach allows for the use of nonaxisymmetric shock
topologies with nonconstant shock strengths. The problem’s ill-posedness is suppressed by refermulating the
problem in the proper curvilinear coordinate system. The inverse marching approach is briefly summarized, and
details of the waverider design procedure are given. Comparisons of individual waveriders and their flowfields
generated by the new algorithm in a few seconds on a workstation with flowfields computed by a direct Euler solver,
requiring on the order of an hour of Cray 2 CPU time, demonstrate the accuracy and efficiency of the new approach.

Nomenclature
a = elliptic semiaxis in z direction
a/b = elliptic axis ratio
b = elliptic semiaxis in y direction
My = freestream Mach number
D = pressure
U,V,W = contravariant velocity components
U, v, w = Cartesian velocity components
X, ¥,z = Cartesian coordinates
y = ratio of specific heats
¢ = radial computational coordinate
n = circumferential computational coordinate
3 = streamwise computational coordinate
P = density

Introduction

N the quest for high-speed aircraft, whether for atmospheric flight

& or for access to space, an old idea, the waverider, has resurfaced

as a viable class of such craft. Waveriders, classically defined in

inviscid flow, have sharp leading edges and maintain attached shock

waves at the design flight conditions. The shock wave is generally

contained beneath the body in such a way that the aircraft appears
to be riding on the wave; hence the name.

Waveriders are interesting vehicles for several reasons. From a
performance standpoint they have, both theoretically and exper-
imentally, provided high values of lift over drag at high Mach
numbers at design flight conditions. Recent experimental work!2
has shown waveriders to be competitive at off-design conditions
as well. From a design standpoint waveriders offer the unique
feature of isolating the flows over the upper and lower surfaces,
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effectively dividing their design into two independent problems.
The lower surface is designed to generate a desired shock wave and
engine inlet flow conditions, and the upper surface may be indepen-
dently designed to fulfill performance, internal volume, and other
requirements. :

Waveriders were first conceptualized as re-entry vehicles for
manned space flight.* The classic caret wing produced a planar
shock wave contained beneath a delta-planform aircraft as illus-
trated in Fig. 1. The caret-wing was carved from the inviscid, two
dimensional, supersonic flow over an infinite wedge. By taking the
known flowfield and defining a leading edge on the shock surface
(an inverted V shape in this case) the streamsurface passing through
the leading edge could be used to define the waverider lower sur-
face. The upper surface was chosen parallel to the freestream flow,
defining a body with internal volume. The postshock pressure on
the lower surface was higher than the freestream pressure on the
upper surface, providing lift.

A similar approach was used to generate waveriders from the
flowfields about axisymmetric cones at zero incidence.* In the fol-
lowing years many researchers (see Eggers et al.’ for a summary)
provided variations to this design approach using a variety of flow-
fields from which the waveriders were carved, and including many
peripheral computations to predict skin-friction, real-gas, and blunt-
leading-edge effects, with some incorporating optimization proce-
dures. However, virtually all past studies (as well as the current

Fig. 1 Nonweiler caret-wing waverider.
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study) used inviscid analysis to define the waverider geometry, and
only geometrically simple shock shapes such as planes or axisym-
metric surfaces were considered, because exact or relatively simple
approximate solutions for the postshock flowfields were known.

The design of waveriders is inherently an inverse problem. In
Refs. 3 and 4, known flowfields were used to generate waveriders;
thus, the configurations were inversely designed to reproduce de-
sired shocks and flowfields. Conceptually it is difficult to design
a vehicle that will perform as a waverider at some desired cruise
conditions using direct methods. However, it is a relatively simple
task to choose a desired shock wave and find the waverider that will
generate it. Inverse methods are often superior to direct methods for
use in optimization procedures as well. Past work®7 has shown that
inviscid waveriders can be designed, with a boundary-layer code
predicting skin friction, in a few seconds on a workstation using
inverse techniques, whereas a direct Navier-Stokes simulation of
the same configuration requires the order of an hour of CPU time
on a Cray Y-MP. Note that the inviscid-viscous approach taken
by these inverse methods assumes that the shock remains attached
and that the boundary-layer thickness is very small compared to
the waverider thickness (i.e., the waverider geometry is defined by a
streamsurface, and no modifications are made to account for bound-
ary layer displacement thickness). The Navier—Stokes simulations
predict a slightly detached shock, due to boundary-layer thickness
and finite leading-edge roundness, but the pressure data agree well
with Buler simulations and experimental data.?

The current study again employs an inverse design method with
the same basic design approach previously outlined. However,
where most past waverider design studies have limited the choice of
shock shapes to planar or axisymmetric surfaces, the current work
allows for the use of more general shock shapes than those of any
previous studies. The method utilizes a noniterative, cross-stream
marching scheme that solves the Euler equations to define the flow-
field behind a specified shock surface for which the waverider is to
be determined. The general, three-dimensional, supersonic cross-
stream marching problem is ill posed; however, if the numerical
problem is correctly formulated, the method yields accurate and
physically meaningful solutions. Skin friction, real-gas effects, and
blunt leading edges are not considered in this study. These and
other peripheral computations have been successfully used in past
studies®” and may be included in future versions of the present
design tool.

In this paper, the theory behind the new inverse marching scheme
used in the flowfield solution is summarized; details of the periph-
eral computations used to design the waveriders are given; and com-
parisons with theory and direct Euler simulations demonstrate the
validity of the approach. ’

Flowfield Solution

The theory leading to the development of the inverse, cross-stream
marching algorithm for the Euler equations was given first in Ref. 9
and in greater detail in Ref. 10; the general methodology and a few
pertinent details are summarized here. Four basic steps are taken by
the marching procedure to define the flowfield behind a given shock
surface. First, the shock geometry is defined, and a surface mesh
is generated (Fig. 2a); second, the postshock flow conditions are
determined using the Rankine—Hugoniot jump relations (Fig. 2b);
third, the marching directions are computed, and a new grid layer
is generated (Fig. 2¢); and, finally, the solution is computed on the
new layer. The last two steps are repeated in a step-by-step fashion
to define the flow in a bounded domain (Fig. 2d).

Posedness

The virtue of such an inverse scheme is that no knowledge of
a generating body is needed to define the flowfield behind a given
shock. However, this is also the origin of the problem’s ill-posedness.
For a mathematical problem to be well posed, a solution must ex-
ist and be unique and stable. While the questions of existence and
uniqueness are rarely considered for problems such as this, since the
governing equations are derived from fundamental laws of mechan-
ics, the question of stability—or, more aptly, the continuous depen-
dence of the solution on initial data—is a valid concern. In other

exit plane

downstream plane

symmetry plane

a) Shock surface

b) Postshock conditions

¢) Marching grid

d) Completed flowfield

Fig. 2 Four steps for flowfield definition.
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words, do small changes in the initial data result in small changes
in the solution, or do they cause large or unbounded changes in the
solution?

In three-dimensional flow, the shape of the resulting shock is,
in general, quite insensitive to local changes in the body shape,
or, inversely, small changes in the shock shape may require large
changes in the body shape or, worse yet, may preclude the existence
of a solution altogether, thus violating the stability condition for a
well-posed problem. It is entirely possible to specify a shock shape
for which no solution exists without the inclusion of flow features
not allowed here, such as embedded shocks.

A more detailed discussion of the causes and effects of the prob-
lem’s ill-posedness is documented in Ref. 10, but to illustrate the
basic principles a simple, linear model equation is used here:

Orx — ¢yy — = 0 1

Equation (1) is a linear, hyperbolic equation in three independent
variables with x as the timelike (or flow) direction. A solution can be
constructed by an infinite series of modal components of the form

¢ = explitkix + k2y + k3z)] )

where i = ./(—1) and k,, k,, and k3 are the wave numbers in the
respective x, y, and z coordinate directions. To march in the usval
timelike direction, the wave number k; must be determined. Differ-
entiating Eq. (2) and substituting the results into Eq. (1), one obtains
the relation

k= £y + k3 ©)

such that for all real k, and ks, &, is real-valued, and ¢ is bounded
for all x.

However, marching in a cross-stream direction implies marching
in a direction different from the timelike direction—the z direction
in this case. The relation

ky = £k} — k? “)

is formed for k3 as a function of k; and k,. Itcan be seen that for k5| >
lk|, k3 is imaginary valued, and ¢ is unbounded as z — oo. Hence,
this simple, three-dimensional, cross-stream marching procedure is
ill posed, that is, the solution is not continucusly dependent on the
initial data, unless constraints are placed on the initial data, namely,
k2| < |kyl.

Consider now a similar two dimensional problem with the gov-
erning equation

Gxx — Pz =0 )
with modal components of the form
¢ = expli(kix + k3z)] )

To march in the z direction, the wave number k3 must be determined.
It is given by the relation

ks = £/ )

Hence, for all real k;, k5 is real-valued, and ¢ remains bounded for
all z.

In summary, the three-dimensional problem governed by Eq. (1)
is well posed only if constraints are placed on the initial data, but
the two dimensional problem governed by Eq. (5) is well posed
for all initial data. While the full system of governing equations is
obviously much more complex than these simple model equations,
stability may still be improved by transforming the general three-
dimensional system into an appropriate coordinate system where
the problem is essentially two dimensional. ‘

Osculating Plane

In a general, three-dimensional flowfield, the two dimensional
plane within which the flow is locally two dimensional is called the
osculating plane (OP). Both the velocity and acceleration vectors
are contained in the OP; thus, there is no pressure gradient normal
to the OP. By transforming the system of governing equations into
a curvilinear coordinate system where one family of isosurfaces
is everywhere tangent to the OP, the system becomes locally two
dimensional in much the same way that an axisymmetric flowfield
can be treated as globally two dimensional.

Governing Equations

The five equations governing the flowfields of this study are the
conservation of mass, the conservation of momentum, and the con-
servation of entropy along streamlines, given in vector notation by

Eq, +¥g, +Gg. =0 ®
where
[« p 0 0 0]
0 pu 0 0 1
E= 0 0 pu 0 1 ©®)
0 0 0 pu 1
L—upy 0 0 O pu |
v 0 p 0 0]
0 pv 0 O 1
F= 0 0 pv 0 1 (10)
0 0 0 pv 1
L-vwpy 0 0 0 pv |
w 0 0 P 0
-0 pw 0 0 1
G= 0 0 pw O 1 an
0 0 0 pw 1
—wpy O 0 0 pow
and
g=[p u v w p] (12)

The subscripts denote partial derivatives. The use of the entropy
equation in place of the energy equation is valid for the inviscid,
adiabatic flows considered here, and is used here because it lessens
the coupling between the system of equations. The substitution of
p/p? in place of the entropy is valid for calorically perfect gases.

Equations (8-12) are nondimensionalized using g = p/pwo, it =
U/Aw, D = v/ax, W= w/Axw, and p = p/(pwy). When these
relations are substituted into Egs. (8-12), the system remains un-
changed in form. For simplicity the tildes are dropped throughout
the remainder of the development.

The equations are transformed into a generalized coordinate sys-
tem where § = &(x,y,2), 1 = n{x,y,2), and £ = ¢(x,y,2).
Expanding the partial derivatives using the chain rule, one obtains

Eg; +Fq, +Gg, =0 (13)
where
[ U p& 06 pg 07
0 pU 0 0 &
E=| 0 0 U 0 3§ (14)
0 0 0 pU ¢
L-Upy 0 0 0 pU_
TV o opny pn 0]
0 pvV 0 0 9
F=| O 0 pv 0 (15)
0 0 0 pV n
L-Vpy 0 0 0 pV]
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and

W pt pty pt O
0 pW 0 0 &y
0 0 pW 0 &y (16)
0 0 0 pW ¢
—Wpy O 0 0 pwW

Here U, V, and W are the contravariant velocities in the §, , and ¢
directions, respectively, and &, &, &;, nx, ny, Nz, &, &y, and {; are
the inverse metrics.

As stated in the previous sections, marching within the OP reduces
the effects of the ill-posedness. Within the OP the contravariant
velocity V is by definition exactly zero. Setting V = 0 in Eq. (15),
one obtains

Eg: + ¥, +Gg, =0 an
where
0 pn. pny pm. O
0 0 0 0 1
FF=|0 0 0 0 n (18)
0 0 0 0 g
0O 0 0 o0 O

This is the system of equations that is used to describe the flowfield
between the shock and the waverider lower surface.

Grid Generation

The computational grid is dependent on the solution; hence,
it must be generated layer by layer as the solution is advanced.
The marching directions are determined by setting V = 0 and by
marching normal to the existing £-grid line. Marching distances
are determined using a two dimensional method-of-characteristics
philosophy. Details of the approach are given in Ref. 10.

Marching

On the shock surface and at each of the new grid planes de-
termined by the marching procedure, the partial derivatives of the
primitive variables with respect to § and 5 are computed using
finite differences. Remaining are five equations and five unknowns:
the five partial derivatives with respect to ¢. To solve for the ¢ partial
derivatives, the system is inverted, yielding

g, = —G7'(Bgs + Fq,) 19

Because of the sparseness of the matrix G, its inversion is easily
performed. The £ and n gradients are computed using second-order
central differences, and the solution is advanced to a new grid plane
by replacing the ¢ partial derivatives in Eq. (19) with second-order
central differences as well.

Boundary Conditions

The flowfields considered here are symmetric about y = 0, with
the flow aligned in the positive x direction, and with the shock
surface the ¢ = 1 boundary. The central-differenced marching step
cannot be used at { = 1, since no data are known at a previous step;
consequently, first-order, one-sided differences are applied. Since
marching is performed in the ¢ direction, boundary conditions are
not needed at an upper limit. The n = 1 boundary is the symmetry
plane, and a symmetry condition is applied there. The upper limit
of 5 is handled with second-order, one-sided differences. Data here
are of minimal importance, as they generally lie outside the domain
of interest for the waveriders. The boundariesat§ = 1 and £ = &«
are somewhat more complex. Based on a two dimensional method-
of-characteristics philosophy, each new ¢ grid plane is reduced by
one point at each of these boundaries, so that second-order cen-
tral differences can be used to impose explicit boundary conditions
without introducing instabilities to the solution.

Waverider Design

The two surfaces of the waverider are designed independently,
and the design of each utilizes a different approach. The methods
used for each are outlined here.

Lower-Surface Design

As previously stated, the lower surface is defined by a streamsur-
face within a known flowfield. The method for defining the flow-
field was described in the previous section. The streamsurface is
approximated by many streamlines integrated downstream from a
given leading edge. The leading edge is a curve in three-dimensional
space that lies on the shock surface. Its shape defines both the flow
capture tube and the planform of the resulting waverider.

Streamline integration is performed in the computational domain
for simplicity. Recall that by marching in the OP, the contravari-
ant velocity V is zero at every grid point; thus, the integration in
computational space need only be two dimensional. Additionally,
the computational grid is uniform with unit cells, further simpli-
fying the computation. Integration is done using the fourth-order
Runge—Kutta method. The streamline coordinates in the computa-
tional domain (&, 5, ¢), are transformed into physical (Cartesian)
space. All of the streamlines are combined to define the waverider
lower surface (Fig. 3a), and the surface points are redistributed to
form a more conventional mesh (Fig. 3b).

Upper-Surface Design

The upper-surface geometry is at the discretion of the designer.
An option is available to generate expansion upper surfaces to en-
hance the overall vehicle performance. Expansion surfaces are cre-
ated by first defining a freestream upper surface, and then applying
a weighted average between the freestream surface and the lower
surface. This averaging approach provides a flexible design method
for generating open, partially closed, or closed trailing edges.

The flow parameters on the upper surface are predicted using an
approximation to the axisymmetric method of characteristics. The
first-order approach, developed and validated in Ref. 11, is robust,
extremely fast, and sufficiently accurate.

Performance Evaluation
The lift and drag of the waveriders is computed by integrating the
pressure forces over the surface of the waverider. The freestream

a) Streamline-oriented mesh

b) Redistributed mesh

Fig. 3 Lower-surface definition.
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pressure is subtracted from the local pressure so that the pressure
contributions on the upper and lower surfaces may be evaluated
individually, and any contribution caused by a finite base area is
removed. Nondimensional lift and drag coefficients are computed
using the symmetry-plane chord length as a reference length and
the integrated planform area as the reference area. Details of the
integration algorithm are given in Ref. 10.

Results

Validation of the cross-stream marching algorithm, SCIEMAP
(supersonic cross-stream inverse Euler marching program) can be
found in Ref. 10, where comparisons with theory are used to vali-
date the accuracy of the marching scheme for simple shock geome-
tries such as planar or axisymmetric cone shocks, and results are
compared with Rankine-Hugoniot or Taylor—Maccoll solutions, re-
spectively. For most shock shapes of interest, however, closed-form
solutions do not exist. By using the marching algorithm to design
waverider vehicles, another means for validating the cross-stream
marching code is made available. Direct simulations may be per-
formed about the waveriders to see if the specified shock shape and
resultant vehicle performance are duplicated.

Here the application to waverider design is evaluated, and com-
parisons are made to direct simulations of the resultant vehicles.
Details of the methods used for the direct simulations can be found
in Ref. 12. Computational grids about the waveriders are formed
using the transfinite interpolation (TFI) grid generator HYGRID.
The grids are modified during the solution procedure using a spline-
fitting, solution-based grid adaption scheme, and solutions are pro-
duced using the F3D Euler solver.!3

Five cases are presented with a range of more general shock
geometries. All cases have a freestream Mach number of 4 with
y = 1.4. Computational grids for the direct simulations in all cases
have 41 x 63 x 31 points, and on the order of 2000 iterations are
used to obtain converged solutions, with two intermediate grid re-
finement steps.

Sensitivity of the marching code to M, and shock angle is dis-
cussed in Ref. 10. In short, the marching scheme does not have
stability limits with reference to either, but grid generation becomes
increasingly difficult as the shock strength becomes small. These
five cases have sufficiently strong shocks such that grid generation
is not a problem.

The first two cases have shocks cut from elliptic cones with elliptic
axis ratios of a/b = 0.75 and 1.25, respectively, a symmetry-plane
shock angle of 26.6 deg, and freestream upper surfaces. Case 3 has a
shock cut from an axisymmetric cone with a 20.9-deg half angle at a
5.7-deg angle of attack, and the upper surface has a slight expansion.
The shock in case 4 is cut from an axisymmetric surface with the
shock angle varying from 27.7 deg at the nose to 25.6 deg at the exit
plane to 20.3 deg at the downstream plane. A stronger expansion is
used on the upper surface with a closed trailing edge on the outer
portion of the body. The last case has a more general shock shape and
is cut from a conoid with the same symmetry-plane profile as case
4 but with elliptic cross sections with a/b = 0.65. This waverider
also has an expansion upper surface. Figures 4-8 illustrate the five
waverider topologies, respectively. All five marching grids have 41
points in the streamwise and spanwise directions, and they have 12,
15, 16, 17, and 20 points in the marching direction, respectively.
Note that, although the streamwise shock curvature in cases 4 and
5 is quite small, the effect on the flowfield is quite large, as can
be seen in Fig. 9. Figure 9a portrays straight isolines, characteristic
of conical flowfields, for case 2, but Fig. 9b portrays the much
different flowfield of case 4, with the isolines curved by the variable
shock strength.

Comparisons of nondimensional surface pressure on cross sec-
tions 90% downstream from the nose for the five cases are shown
in Figs. 10-14. For cases 1 and 2 the agreement is excellent. The
two codes differ somewhat near the leading edge, where the F3D
Euler solver smears the shock over several grid cells and produces
erroneous pressure oscillations across the shock. Agreement in the
other three cases is quite good on the lower surface, with some dis-
crepancy apparent on the upper-surface predictions, indicative of
the first-order approach used there. The errors there are not large

Fig. 4

Fig. 5

Fig. 6

Fig. 7

Fig. 8

961

Surface topology of case 3 (dashed curve: shock profile).

Surface topology of case 5 (dashed curve: shock profile).
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Table 1 Lift and drag results

Case Code C Cy

1 SCIEMAP 0.2469 0.06609
F3D 0.2444 0.06536

2 SCIEMAP 0.2403 0.06782
F3D 0.2366 0.06669

3 SCIEMAP 0.2615 0.06948
F3D 0.2605 0.06862

4 SCIEMAP 0.2630 0.06590
F3D 0.2650 0.06590

5 SCIEMAP 0.2249 0.05246
F3D 0.2263 0.05218

a) Case 2; conical flow (constant shock strength)

z
X
- ?A

b) Case 4; nonconical flow (variable shock strength)

Fig. 9 Pressure isolines on the symmetry plane.

cross—sectional
profile

oo 2
o in o
(-

1.5

mensional pressure

P
Y

Fig. 10 Nondimensional surface pressure for case 1.

and are confined to quite small regions such that this error does not
greatly influence the integrated results.

Integrated lift and drag coefficients for the five cases are presented
in Table 1. Agreement is quite good in all cases. The expansion upper
surfaces in cases 3, 4, and 5 account for 4.5%, 15%, and 6.2% of
the total lift, respectively.

A further measure of the accuracy of the lower-surface design
method may be estimated from entropy fluctuations along com-
puted streamlines. Recall that for the isentropic postshock flows of
this study, the entropy (or the entropy measure, p/pY) should be con-
stant along streamlines. Each waverider lower surface is defined by
41 streamlines, and the variation of the entropy along each stream-
line, normalized by the streamline length, is computed. Maximum

cross—sectional
profile

—— SCIEMAP
F3D

nondimensional pressure
PN = s o
o in o tkh @ in o

I T T |

Fig. 11 Nondimensional surface pressure for case 2.

cross—sectional
profile

s i oih & o
1 11 1 1 1

nondimensional pressure
WNN e omeo o

S |

Fig. 12 Nondimensional surface pressure for case 3.

cross—sectional
profile

nondimensional pressure
M - 4
R - T

| I I

Fig. 13 Nondimensional surface pressure for case 4.

’

cross—sectional
profile

nondimensional pressure
-
wn

Fig. 14 Nondimensional surface pressure for case 5.

variations for the five cases are 0.02%, 0.05%, 0.04%, 0.17%, and
0.23%, respectively.

Conclusions

A new waverider design approach has been presented. The ap-
proach utilizes a cross-stream marching procedure that inversely
generates a flowfield by marching the solution away from a pre-
scribed shock surface. The new inverse solver provides a computa-
tionally efficient means for defining flowfields that were previously
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unattainable. The application to waverider design affords a new class
of general shock waveriders.

Five test cases were presented, demonstrating the versatility of
the new approach for designing nonconical- and nonaxisymmetric-
shock waveriders. Results were validated with direct simulations
generated using the F3D Euler solver. Comparisons of pressure on
the lower surface were excellent for all cases, and predictions were
within expected tolerances on the expansion upper surfaces.

The new method requires only a few seconds to generate and eval-
uate an inviscid waverider, making it ideal for use in optimization
studies. The addition of a boundary-layer code and other supple-
mentary features would provide a leading-edge waverider design
tool, providing greater flexibility than any past waverider design
studies.
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mathematical foundations; examines orbital systems of satellites and “frozen orbits”; presents
the basic concepts of interplanetary trajectories; and, finally, summarizes the current hazards
associated with space debris.
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